This paper generalises the Small Gain Theorem -SGT to cope with switched linear systems. A switching strategy able to guarantee stability of the feedback interconnection of a switching linear subsystem and a linear stable norm-bounded perturbation is developed. The new version of SGT is specially important to solve two different problems. The first one concerns the possibility of enhancing the robustness of a feedback control system by appropriately orchestrating the switches among a set of given linear regulators. The second problem is the design of a stabilising switching strategy for time-delay switched systems. Both cases of state and output feedback switching laws are considered. Remarkably, since the sufficient conditions for the existence of a solution are delay-dependent, they are less conservative with respect to previous results in the literature. The theory is illustrated by means of academic examples.
Introduction
During the last years, there has been a significant increase of interest on hybrid and switched systems and more particularly on switched linear systems. The importance of this class of dynamic systems has both theoretical and practical motivations, see e.g. Liberzon (2003) , Lin and Antsaklis (2009) and Sun and Ge (2005) . More recently, in order to cope with unavoidable real-world phenomena (such as delay in actuators and sensors, transmission delay in networked control systems and retarded effects in biological systems), some attention has been focused on switched linear systems with time-delay.
A switched linear system is described by a finite number of linear time-invariant models (called modes) and a switching signal, which orchestrates among them, selecting at each time instant which mode is active. A remarkable feature of these systems is that appropriate switching strategies can be designed in order either to endow the overall system with properties that are not satisfied by the individual modes, such as stability (see e.g. Liberzon, 2003) and passivity (Geromel, Colaneri, & Bolzern, 2011) , or to improve performances with respect to the non-switching situation, see e.g. Deaecto, Geromel, and Daafouz (2011) .
The first contribution of the present paper is to provide a generalisation of the Small Gain Theorem (SGT) dealing with switched linear systems (Theorem 1). Then, by using * Corresponding author. Email: bolzern@elet.polimi.it the results of Deaecto et al. (2011) on the design of state feedback switching strategies guaranteeing a prescribed L 2 -gain, the conditions of the SGT are expressed in terms of feasibility of a set of suitable Riccati-Metzler inequalities (Corollary 1). Finally, this key result is used to address two different problems.
The first problem concerns the possibility of enhancing the robustness of a feedback control system by appropriately orchestrating the switches among a set of given linear regulators. As a matter of fact, a closed-loop control scheme with a switching regulator, where the nominal plant is affected by unstructured uncertainty, can be seen as the feedback interconnection of the uncertain block and a switched subsystem. According to the SGT, the design of a switching law, which makes the L 2 -gain of the switched subsystem as small as possible, enlarges the set of admissible perturbations for which the overall system is stable.
The second problem is the design of a stabilising switching strategy for time-delay switched systems for values of the (constant) time-delay belonging to the largest possible range. A switched linear system with time delay can be reformulated as a feedback interconnection between a delay-free finite-dimension switched linear subsystem and a time-invariant infinite-dimension subsystem containing the delay. Then, the stability of the overall system can be analysed again by means of the extended version of the C 2013 Taylor & Francis SGT, by embedding the latter subsystem in an uncertainty set of norm-bounded transfer functions. In this way, stability can be achieved by designing the switching law so that the former subsystem has an L 2 -gain less than a prescribed value. The rationale is similar to what was proposed in Zhang, Knopse, and Tsiotras (2001) to obtain stability conditions for time-invariant time-delay systems. By assuming that the full state is measurable a sufficient condition for stabilisation is derived in Theorem 2, expressed in terms of feasibility of a set of matrix inequalities. Remarkably, these inequalities contain the value of the delay, so that the proposed approach naturally leads to delay-dependent stability conditions, which are less conservative than the delay-independent ones already present in the literature, see e.g. Galbusera, Bolzern, Deaecto, and Geromel (2012) . Finally, a stabilising switching strategy that relies exclusively on the measured output is provided in Theorem 3. It should be noted that the proposed solution to the stabilisation problem of time-delay switched systems follows an approach, which is completely different from the previous contributions on this topic, mostly based on the use of quadratic Lyapunov-Krasovskii functionals, see e.g. He, Wu, She, and Liu (2004) , Kim, Campbell, and Liu (2006) , Lian, Dimirovski, and Zhao (2008) , Galbusera et al. (2012) and Sun, Zhao, and Hill (2006) .
The notation is standard. The identity matrix of any dimension is denoted by I. For real matrices or vectors, the symbol ( ) indicates transpose. For symmetric matrices, the symbol (•) denotes each of its symmetric blocks. The set of natural numbers is N and K = {1, 2, . . . , N}. The squared norm of a signal ξ (t) defined for all t ≥ 0, denoted by ξ 2 2 , is equal to ∞ 0 ξ (t) ξ (t)dt andξ (s) = L{ξ (t)} denotes its Laplace transform. The set of all signals such that ξ 2 2 < ∞ is denoted by L 2 , whereas H ∞ denotes the set of all transfer functions (not necessarily rational) that are analytic in the closed right part of the complex plane. For a real matrix M, the Hermitian operator H e {·} is defined as H e {M} = M + M . The set M is composed by all Metzler matrices = {π ji } ∈ R N×N , with non-negative offdiagonal elements satisfying the constraints j ∈K π ji = 0, ∀i ∈ K. Linear combinations of positive definite matrices is denoted as P pi = j ∈K π ji P j for each i ∈ K. Finally, the symbol ' * indicates continuous-time convolution between signals.
Extended SGT
The SGT is a classical tool for analysing the input-output stability of the feedback interconnection of two stable systems. The closed-loop system remains stable if the product of the L 2 -induced norm of the subsystems is less than 1, see e.g. Khalil (1996) . The results to be presented in this paper come from the following generalisation of the SGT to deal with switched linear systems. Figure 1 shows the closed-loop structure with the state space representation, Figure 1 . Closed-loop structure.
that evolves from the initial condition x(0). The vectors x ∈ R n x , w ∈ R n w and z ∈ R n z are the state, the input and the controlled output, respectively. The switching function denoted by σ (t) : t ≥ 0 → K selects at each instant of time t ≥ 0 a subsystem among those belonging to the set K. The state space realisation of each subsystem S i , i ∈ K is defined by matrices (A i , H i , E i , G i ) of appropriate dimensions. The input-output relationship defined by Equation (3) depends on (t), which we assume it is the impulse response of a linear time-invariant system and, consequently, is independent of the switching strategy σ (·). Hence, denotingˆ (s) = L{ (t)} we may represent Equation (3) using Laplace transform asŵ(s) =ˆ (s)ẑ(s).
We are now in a position to state that an extended version of the SGT is able to deal with switched linear systems with the structure depicted in Figure 1 .
Theorem 1: Consider a switching strategy σ (·) such that S σ is globally asymptotically stable and, for any
with finite constants γ > 0 and α > 0. Moreover, suppose that the feedback connection of Figure 1 is well posed. If
then the switched linear system (1)-(3) is globally asymptotically stable.
Proof: Let x (0) be the initial state of subsystem . Since is a stable linear time-invariant system, from the superposition principle it is easily seen that
where x is the subsystem state and α > 0 is a suitable constant. Consider now the closed-loop system of Figure 1 . Since the system is well posed, for any initial condition (x(0), x (0)), there exist unique signals z and w. Putting together Equations (4) and (5), it follows that
By assumption, γ ˆ (s) ∞ < 1, so that z 2 is finite (in closed-loop) for all initial conditions. Similarly, it can be shown that w 2 is finite (in closed-loop) for all initial conditions, as well. Since both subsystems in Figure 1 are globally asymptotically stable and both signals z and w belong to L 2 , the closed-loop system is globally asymptotically stable. The same arguments above can be applied when the subsystem is an infinite dimensional system, by replacing x (0) with any suitable norm of the initial condition of , which is now expressed as a function.
Theorem 1 is the central result of this paper and will be used as the theoretical basis towards the solution of specific problems related to robust stability of closed-loop systems and global asymptotic stability of time-delay switched linear systems. Since the subsystem obviously does not depend on σ (·), the switching function can be designed exclusively to enforce the inequality (4). This idea is applied to get the result of the next corollary of Theorem 1.
Corollary 1: Suppose that the feedback connection of Figure 1 is well posed. If there exist positive definite matrices
for some γ > 0, then the min-type switching strategy σ (t) = arg min i∈K
x(t) P i x(t) makes the switched linear system (1)-(3) globally asymptotically stable for allˆ
Proof: The proof follows from Deaecto et al. (2011) , where it is proven that any feasible solution of inequalities (6) provides the min-type switching function σ (t) = arg min i∈K x(t) P i x(t) such that S σ is globally asymptotically stable and satisfies
Moreover, looking into the proof of Theorem 1 of Deaecto et al. (2011) (see also Theorem 1 of Deaecto & Geromel, 2010) , one can observe that for any initial state x(0), the min-type switching strategies ensures that, for any w ∈ L 2 , where
2 , so that the switching function renders the inequality (4) true. Hence, the claim follows directly from Theorem 1.
We want to stress that the result of Corollary 1 is important for control design of a wide class of switched linear systems. The transfer functionˆ (s) may accommodate several situations that cannot be handled directly by the results available in the literature to date. In particular, in the sequel of this paper we are interested in: (1) the design of a switching regulator able to enhance the robustness of closed-loop systems and (2) the control design of switched systems with constant time-delay.
Robustness enhancement by a switching regulator
As a first application of the previous results, consider the feedback control scheme of Figure 2 , where a given linear time-invariant finite-dimensional nominal plant P n , affected by the additive uncertainty , is controlled by a switching feedback regulator R σ . Let P n be described by the following state space representation:
and the switching regulator R σ be described by the state space representatioṅ
where e(t) = −y(t) is the error and σ (t) is the switching signal to be designed. Moreover, assume that the subsystem is an uncertain linear time-invariant system and its transfer functionˆ (s) ∈ H ∞ is such that ˆ (s) ∞ ≤ γ −1 . The problem of designing a switching law such that the closed-loop system is robustly (i.e. for all admissible perturbations ) globally asymptotically stable can be solved by means of the extended SGT of Section 2. In fact, the block diagram of Figure 2 is equivalent to the diagram of Figure 1 with a suitable definition of the switching subsystem S σ . Letting x(t) = x P (t) x R (t) , it is a matter of trivial computation to show that S σ is described by Equations (1)-(3) with
. If the feasibility of the Riccati-Metzler inequalities (6) is ensured by a set of definite matrices P i and a Metzler matrix , then from Corollary 1 it follows that the switching strategy σ (t) = arg min i∈K x(t) P i x(t) makes the closed-loop system globally asymptotically stable for allˆ (s) ∈ H ∞ such that ˆ (s) ∞ ≤ γ −1 . Note that the value of γ may well be less than each individual H ∞ norm of the transfer function from w to z when σ (t) is kept constant to any value i ∈ K. This means that, thanks to the switching, it is possible to enlarge the set of perturbations for which the closed-loop system remains stable, so endowing the control system with enhanced robustness. and its H ∞ norm is γ 1 = 4.4329. On the other hand, when the proportional regulator is used, the transfer function is
with norm γ 2 = 5.6537. It can be verified that, selecting = −6 300 6 −300 the inequalities (6) are feasible for γ = 4.2605, which is less than both γ 1 and γ 2 , so indicating that the min-type switching strategy provides enhanced robustness in face of additive perturbations.
So far, we have considered an additive uncertain perturbation. It is rather straightforward to extend the arguments above to uncertainties of different kind, such as multiplicative or feedback perturbations.
Stabilisation of time-delay switched linear
systems In this section, Corollary 1 will be used to design delaydependent stabilising switching strategies for time-delay switched linear systems. The time-delay switched system under consideration is defined by the following state space representation:
where the indicated matrices A i ∈ R n x ×n x and A di ∈ R n x ×n x for all i ∈ K and h ≥ 0 denotes the time-delay. The system evolves from the initial condition x 0 = {x(τ ), τ ∈ [− h, 0]}. With no difficulty, this time-delay switched linear system is immediately rewritten in the form (1)- (3) as follows:ẋ
and w(t) = (t) * z(t), whereˆ (s) = e −hs I ∈ H ∞ is proper, has norm ˆ (s) ∞ = 1 for all h ≥ 0 and the feedback interconnection (8)- (9) is well defined since it is equivalent to Equation (7). At this point, we can take advantage from the fact that e −hs is a scalar operator, by introducing in the above system the non-singular constant multiplier M ∈ R n x ×n x asẋ
where the variables w and z have been suitably redefined. Thanks to Corollary 1, by simple identification of matrices, we can say that the time-delay system (7) with the switching strategy σ (t) = arg min i∈K x(t) P i x(t) is globally asymptotically stable provided that ⎡ ⎣ H e {A i P i } + P pi
which from the definition of Q = M M > 0 reduces to
Obviously, this switching strategy requires that the whole state x(t) is measurable. The condition (10) is exactly the delay-independent stability condition for time-delay switched systems provided in Galbusera et al. (2012) obtained with a Lyapunov-Krasovskii functional. Following the same path, the next theorem provides a delay-dependent stability condition using again the results of the Extended SGT obtained so far.
Theorem 2: Define
If there exist positive definite matrices Q > 0 and P i ∈ R n x ×n x , i ∈ K, a matrix ∈ M and a positive scalar μ > 0 satisfying the Riccati-Metzler inequalities
then the min-type switching strategy σ (t) = arg min i∈K x(t) P i x(t) makes the switched linear system (7) globally asymptotically stable for any time-delay belonging to the interval h
Proof: The first step is to rewrite Equation (7) aṡ
and w(t) = (t) * z(t), whereˆ (s) = ((e −hs − 1)/s)I ∈ H ∞ which has the norm ˆ (s) ∞ = h ≥ 0. Since, as it can be seen z(t) =ẋ(t), we obtain
As a consequence, substituting Equation (14) in Equation (12) we obtain Equation (7) once again. Thus, the feedback interconnection is well posed. By applying Corollary 1 with the constant and non-singular multiplier M ∈ R n x ×n x , we conclude that global asymptotical stability is assured whenever the set of matrix inequalities,
for all i ∈ K, admits a feasible solution. Multiplying these inequalities by diag{I, M, M} to the right and by its transpose to the left and making μ = h −2 we get Equation (11). Finally, the claim follows from the fact that if Equation (15) is feasible for some h = h m > 0 then it is also feasible for all 0 < h ≤ h m .
This theorem requires some remarks. First, it generalises to time-delay switched systems an already known time-delay systems stability condition (see Fridman & Shaked, 2003 and the references therein). Second, notice that, by construction, the switching strategy provided by Theorem 2 requires the measurement of the whole state vector of the system under consideration. Finally, it is im- portant to keep in mind that the matrix inequalities (11) are not simple to solve numerically due to the presence of products of variables. Fortunately, whenever the Metzler matrix ∈ M is fixed, the minimum value of μ > 0 keeping feasibility and hence the maximum allowed delay h m can be determined by line search. This simple procedure is illustrated by means of the following example.
Example 2: Consider the time-delay switched linear system defined by the following matrices of the state space representation (7).
Note that, irrespective of the time-delay h, neither subsystem is asymptotically stable, since A 0i = A i + A di , i = 1, 2 are not Hurwitz. Solving the stability conditions provided by Theorem 2 by making a gridding on the free parameters of the Metzler matrix ∈ M with the general form,
we have obtained the maximum delay interval defined by h m = 0.1910 associated to the optimal parameters (p, q) ≈ (40, 30). This can clearly be seen in Figure 3 . The matrices
, P 2 = 0.7601 −0.2348 −0.2348 0.2626 associated with the maximum allowed delay are used to implement the min-type switching strategy.
An important feature to comment is that the feasibility of the stability conditions of Theorem 2 does not require matrices A 0i be Hurwitz for all i ∈ K. This follows from the simple fact that matrices P pi are sign indefinite for all i ∈ K because the main diagonal elements of ∈ M can be negative. However, in the particular but very frequent case where there exists at least one index ∈ K such that A 0 is Hurwitz, a time-delay preserving stability h m can be easily determined by imposing a particular Metzler matrix in Equation (11). Indeed, such a Metzler matrix allows us to write
with β ≥ 0. In this case, adopting P > 0 such that
and
it can be verified that the matrix inequalities (11) are feasible whenever β > 0 is made great enough. Hence, a suboptimal value h s > 0 such that stability is preserved for all h ∈ [0, h s ] is given by
for i = ∈ K, where we have used the matrix identity
in this framework, the determination of the non-singular scaling matrix M ∈ R n x ×n x is simple since Equations (18) and (19) can be expressed through Linear Matrix Inequalities (LMIs), see Boyd, El Ghaoui, Feron, and Balakrishnan (1994) . A singular simplification occurs if the matrices A di do not depend on the switching, i.e. A di = A d for all i ∈ K. In this special case, the constraints (19) are already contained in Equation (18), which allows the conclusion that
a problem that can be written in terms of LMIs. These calculations put in evidence an easy to calculate time-delay interval preserving stability. Of course, h m ≥ h s > 0 and in general this inequality is strict, which makes clear the necessity to cope with the matrix inequality (11) in order to improve the final result.
Dynamic output feedback design
In this section we shall use the stability condition of Theorem 2 for dynamic output feedback design. To this end, let us now consider the following time-delay switched linear system:ẋ
where y ∈ R n y is the measured output. The goal now is to implement a causal stabilising switching strategy which, at any time t > 0, depends exclusively on the measured output vector y(τ ), τ ∈ [0, t]. To this end, we introduce the following delay-free switched linear filter to be designeḋ
Putting both together, we obtaiṅ
Hence, our purpose is to apply the stability condition (11) of Theorem 2 to the augmented time-delay switched system (24). To this end, we have to keep in mind that if we call P i > 0 a feasible solution then it must exhibit the structure,
where all indicated matrices are with the same dimension n x × n x . Indeed, thanks to this structure we have
that is, the switching strategy to be implemented depends only on the state variable of the filter, which clearly is available for all t ≥ 0. The next theorem provides sufficient conditions for the existence of a switching strategy that renders the augmented system (24) globally asymptotically stable. 
where P Ri = j =i∈K π ji R ij and
Then, taking an arbitrary non-singular matrix V and defining the filter (23) with parameterŝ 
Proof:
We have to determine a feasible solution of the matrix inequality
i has the structure (25) and
Multiplying inequality (29) to the left by diag{˜ S i , I,˜ } to the right by its transpose and taking into account that
where P Ri = j =i∈K π ji R ij as indicated in Galbusera et al. (2012) satisfies Equation (27). Finally, multiplying both sides of this inequality by diag{I, X −1 i , I, Q} and setting
i the claim follows. The same remarks made previously for the state feedback are also valid for dynamic output feedback design. The numerical difficulty is concentrated in the product of variables appearing in P Ri for all i ∈ K. As indicated in Geromel, Colaneri, and Bolzern (2008) this difficulty can be circumvented at expense to introduce some conservatism. It is a little bit surprising that from the numerical viewpoint the difficulty we have to face for state or output feedback design is essentially the same. The next example illustrates the results obtained so far. Figure 4 presents the closed-loop system trajectories evolving from x 0 = [1 − 1] and with a delay h = 0.1560, as well as, the implemented switching strategy. As it can be seen the proposed output feedback control is very effective for stabilisation. Notice the occurrence of a sliding mode in the switching trajectory.
The solution we propose to the dynamic output feedback problem does not require any stability property of the matrices A 0i for all i ∈ K because, in principle, the Metzler matrix can be determined in order to accommodate such situations. However for the feasibility of Equation (26) (see the element in the first block of the main diagonal) it must exist gain matrices F i such that A 0i + F i C i for all i ∈ K are quadratically stable. This does not appear to be too severe since the gain matrices may depend on the index i ∈ K.
Conclusions
By using an extended version of the SGT, we have derived state feedback and output feedback stabilising switching strategies for time-delay switched linear systems. As the stability conditions are delay dependent, the results provided here are less conservative than the ones obtained from delay-independent conditions. Further work is required to clarify the relationships between the SGT-based delay-dependent conditions and those obtained from the application of various Lyapunov-Krasovskii functionals, as in Galbusera and Bolzern (2010) . It has also been shown that the new version of SGT can be effectively applied in the design of closed-loop switching systems in order to enhance the robustness with respect to unstructured uncertainty.
